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Abstract
Let A be a ring, and let M and N be A-modules. Then N can be viewed as a
group object in the category A-Mod/M of A-modules over M and Ext1(M,N)
can be interpreted as the set of isomorphism classes of N -torsors. Alternatively,
M can be viewed as a cogroup object in the category N/A-Mod of A-modules
under N and Ext1(M,N) can be interpreted as the set of isomorphism classes
of M -cotorsors.
1 Introduction
This paper is a continuation of the ideas introduced in [1]. However, the current
paper is written in such a way that it can be read independently with only a modest
knowledge of abstract algebra and category theory. Familiarity with [2] and [3] should
suffice. In [1], we showed that first order thickenings of schemes can be identified
with cotorsors for the cogroup objects associated with quasi-coherent sheaves. This
theorem was used to uncover the fact that the first scheme-theoretic Andre-Quillen
homology group can be interpreted as a set of isomorphism classes of cotorsors. In
doing so, the idea was developed that cotorsors play a role in homology theories which
is analogous to the role of torsors in cohomology theories.
Strictly speaking, Ext should be defined in terms of injective resolutions and
viewed as a cohomology functor. Thus Ext1 should have an interpretation in terms
of torsors. However, Ext also has a dual description in terms of projective resolutions
which makes Ext appear as a homology functor. If the cohomology-homology duality
of Ext is to be taken seriously, then Ext1 should also have a dual description in terms
of cotorsors. In this paper, we will show that this duality indeed gives rise to a
description of Ext1 in terms of both torsors and cotorsors.
∗n.mertes@umiami.edu
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Conventions. We fix a ring A which need not be commutative but has a multiplica-
tive identity. We always use the word A-module to refer to a left A-module. We
write A-Mod for the category of A-modules and A-module homomorphisms. We fix
A-modules M and N . We write A-Mod/M for the category of A-modules over M ,
and we write N/A-Mod for the category of A-modules under N .
Since torsors are somewhat more natural than cotorsors, we first discuss torsors.
In Section 2, we show that N can be viewed as a group object in A-Mod/M via
the trivial extension M ⊕ N → M . Then Ext1(M,N) can be interpreted as the set
of isomorphism classes of N -torsors. In Section 3, we take the dual perspective of
cotorsors. We show that M can be viewed as a cogroup object in N/A-Mod via the
trivial coextension N → M ⊕ N . Then Ext1(M,N) can be interpreted as the set of
isomorphism classes of M-cotorsors.
2 Torsors
The general ideas and arguments presented in this section parallel the discussion of
square-zero extensions in [1]. However, a few simplifications have been made in the
present discussion. Our goal in this section is to define the category of N -torsors, and
show that this category is equivalent to the category of extensions of M by N . We
thus conclude that Ext1(M,N) can be identified with the set of isomorphism classes
of N -torsors. Since we will only ever consider extensions of M by N , we will simply
call these extensions.
Definition 2.1. An extension is an object f : P → M of A-Mod/M such that f is
surjective, together with an isomorphism of A-modules αf : N → ker(f).
Definition 2.2. Let f : P → M and g : Q → M be extensions. A morphism of
extensions from f to g is a morphism h : f → g in A-Mod/M such that, for every
n ∈ N , h(αf (n)) = αg(n). We write ExMod(M,N) for the category of extensions
and morphisms of extensions.
We now want to equip piM : M ⊕ N → M with the structure of a group object
in A-Mod/M . In order to do this, we need a notion of products and a terminal
object. Note that the identity idM : M → M is a terminal object in A-Mod/M . Let
f : P → M and g : Q → M be objects of A-Mod/M . We write P ×M Q for the
submodule of P ⊕Q such that
P ×M Q = {(p, q) ∈ P ⊕Q | f(p) = g(q)}.
We write f × g : P ×M Q→M for the A-module homomorphism such that, for each
(p, q) ∈ P ×M Q, (f × g)(p, q) = f(p) = g(q). Then f × g is a product of f and g in
A-Mod/M .
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Definition 2.3. We equip piM : M ⊕ N → M with the structure of a group object
in A-Mod/M as follows. We define eN : idM → piM such that, for each m ∈M ,
eN (m) = (m, 0).
We define +N : piM × piM → piM such that, for each ((m,n1), (m,n2)) ∈ (M ⊕N)×M
(M ⊕N),
(m,n1) +N (m,n2) = (m,n1 + n2).
We define invN : piM → piM such that, for each (m,n) ∈ M ⊕N ,
invN (m,n) = (m,−n).
It is straightforward to verify that piM together with the three morphisms eN ,
+N , and invN in A-Mod/M define a group object (in fact an abelian group object)
in A-Mod/M . Therefore, we can define piM -torsors in A-Mod/M . We will call these
torsors N -torsors rather than piM -torsors for convenience of notation.
An N -torsor is, roughly speaking, an object f : P → M of A-Mod/M together
with a group action τf : piM × f → f satisfying the usual properties of a torsor.
Explicitly, the product piM×f is the A-module homomorphism piM ×f : (M⊕N)×M
P →M such that, for each ((m,n), p) ∈ (M ⊕N)×M P , (piM × f)((m,n), p) = m =
f(p). We now present a simplified description of piM × f in the following definition
and lemma.
Definition 2.4. Let f : P →M be an extension. We write βf : N ⊕P → M for the
object of A-Mod/M such that, for each (n, p) ∈ N ⊕ P , βf(n, p) = f(p).
Lemma 2.5. If f : P → M is an extension, then βf is isomorphic to piM × f in
A-Mod/M .
Proof. Let f : P → M be an extension. We define a function ϕ : N ⊕ P → (M ⊕
N) ×M P such that, for each (n, p) ∈ N ⊕ P , ϕ(n, p) = ((f(p), n), p). Note that, for
each ((m,n), p) ∈ (M ⊕N)×M P , we have that m = f(p). Then it is straightforward
to show that ϕ : βf → piM × f is an isomorphism in A-Mod/M .
Using this lemma, we can identify the group action τf : piM × f → f with the
corresponding morphism τf : βf → f in A-Mod/M . Thus τf can be viewed as an
A-module homomorphism τf : N ⊕ P → P , and hence τf has the appearance of an
action of N on P .
Definition 2.6. An N-torsor is an object f : P → M of A-Mod/M such that f is
surjective, together with a morphism τf : βf → f in A-Mod/M such that
1. For each p ∈ P , τf (0, p) = p.
2. For each (p1, p2) ∈ P ×M P , there exists a unique n ∈ N such that
τf(n, p2) = p1.
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One may suspect that we also need to require an associativity axiom. However,
associativity is implied by our definition of N -torsor. We prove this associativity now,
together with a preliminary lemma.
Lemma 2.7. Let f : P →M be an N -torsor. If (n, p) ∈ N ⊕ P , then
τf (n, p) = τf(n, 0) + p.
Proof. Let (n, p) ∈ N ⊕ P . Then
τf (n, p) = τf ((n, 0) + (0, p))
= τf (n, 0) + τf(0, p)
= τf (n, 0) + p.
Lemma 2.8. Let f : P →M be an N -torsor. If n1, n2 ∈ N and p ∈ P , then
τf(n1 + n2, p) = τf (n1, τf(n2, p)).
Proof. Let n1, n2 ∈ N and let p ∈ P . Then
τf(n1 + n2, p) = τf((n1, 0) + (n2, p))
= τf(n1, 0) + τf (n2, p)
= τf(n1, τf(n2, p)).
We now show that each extension has a natural N -torsor structure.
Definition 2.9. Let f : P →M be an extension. We define a function τf : N ⊕P →
P such that, for each (n, p) ∈ N ⊕ P ,
τf (n, p) = αf(n) + p.
Lemma 2.10. If f : P → M is an extension, then τf : N ⊕ P → P gives f the
structure of an N -torsor.
Proof. Let f : P → M be an extension. We first need to verify that τf : βf → f is
a morphism in A-Mod/M . It is straightforward to show that τf is a homomorphism
of A-modules. Furthermore, τf is a morphism in A-Mod/M since, for each (n, p) ∈
N ⊕ P ,
f(τf(n, p)) = f(αf(n) + p)
= f(αf(n)) + f(p)
= f(p)
= βf (n, p).
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It remains to show that the morphism τf in A-Mod/M indeed satisfies the properties
of an N -torsor. Note that, for each p ∈ P ,
τf (0, p) = αf(0) + p
= p.
Now let (p1, p2) ∈ P ×M P . Then p1−p2 ∈ ker(f). Since αf : N → ker(f) is bijective,
there exists a unique n ∈ N such that αf (n) = p1 − p2. Equivalently, there exists a
unique n ∈ N such that τf (n, p2) = αf(n) + p2 = p1.
We now show that the assignment of each extension to its corresponding N -torsor
gives rise to a functor. In particular, we define the notion of a morphism of N -torsors
and we show that each morphism of extensions induces a corresponding morphism of
N -torsors.
Definition 2.11. Let f : P → M and g : Q → M be N -torsors. A morphism
of N-torsors from f to g is a morphism h : f → g in A-Mod/M such that, for
each (n, p) ∈ N ⊕ P , h(τf (n, p)) = τg(n, h(p)). We write N -Tors for the category of
N -torsors and morphisms of N -torsors.
Lemma 2.12. Let f : P → M and g : Q → M be extensions. If h : f → g is a
morphism of extensions, then h is a morphism of N -torsors.
Proof. Let h : f → g be a morphism of extensions. Let (n, p) ∈ N ⊕ P . Then
h(τf (n, p)) = h(αf(n) + p)
= h(αf(n)) + h(p)
= αg(n) + h(p)
= τg(n, h(p)).
Definition 2.13. We write Ψ : ExMod(M,N) → N -Tors for the functor which
maps each extension to its corresponding N -torsor and which maps each morphism
of extensions to its corresponding morphism of N -torsors.
Theorem 2.14. The functor Ψ : ExMod(M,N) → N -Tors is an equivalence of
categories.
Proof. We will show that Ψ is fully faithful and essentially surjective. Note that Ψ is
faithful since Ψ maps each morphism of extensions to itself.
We now show that Ψ is full. Let f : P → M and g : Q → M be extensions and
let h : f → g be a morphism of N -torsors. We want to show that h is a morphism of
extensions. Let n ∈ N . Then
h(αf (n)) = h(τf (n, 0))
= τg(n, h(0))
= τg(n, 0)
= αg(n)
5
and thus h is a morphism of extensions.
Finally, we show that Ψ is essentially surjective. Let f : P →M be an N -torsor.
We want to show that f can be given the structure of an extension in such a way that
the N -torsor structure associated with the extension f is the same as the original
N -torsor structure on f . Note that, for each n ∈ N ,
f(τf (n, 0)) = βf(n, 0)
= f(0)
= 0
and thus τf(n, 0) ∈ ker(f). We define a function αf : N → ker(f) such that, for
each n ∈ N , αf(n) = τf (n, 0). Then αf is bijective since, for each p ∈ ker(f),
(p, 0) ∈ P ×M P and thus there exists a unique n ∈ N such that αf(n) = τf (n, 0) = p.
We now show that αf : N → ker(f) is an isomorphism of A-modules. Let n1, n2 ∈
N . Then
αf (n1 + n2) = τf (n1 + n2, 0)
= τf (n1, τf(n2, 0))
= τf (n1, 0) + τf (n2, 0)
= αf (n1) + αf (n2)
and thus αf is a group homomorphism. Now let a ∈ A and let n ∈ N . Then
αf (an) = τf (an, 0)
= τf (a(n, 0))
= aτf (n, 0)
= aαf (n)
and thus αf preserves A-scalar multiplication. Therefore, αf : N → ker(f) is an
isomorphism of A-modules and hence f together with αf is an extension.
It remains to be shown that the N -torsor structure associated with the extension
f is the same as the original N -torsor structure on f . Let (n, p) ∈ N ⊕ P . Then
τf (n, p) = τf (n, 0) + p
= αf (n) + p.
Therefore, the functor Ψ : ExMod(M,N) → N -Tors is an equivalence of categories.
Recall that Ext1(M,N) can be identified with the set of isomorphism classes of ob-
jects of ExMod(M,N). Therefore, by the above equivalence of categories, Ext1(M,N)
can also be identified with the set of isomorphism classes of N -torsors. In Section 3,
we will show that Ext1(M,N) has a dual description as the set of isomorphism classes
of M-cotorsors.
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3 Cotorsors
In effort to make this section easier to read, an attempt has been made to follow the
organization of section 2 as closely as possible. Our goal in this section is to define the
category of M-cotorsors, and show that this category is equivalent to the category of
coextensions of N byM . We will then show that the category of coextensions of N by
M is equivalent to the category of extensions of M by N , and thus we conclude that
Ext1(M,N) has a dual description as the set of isomorphism classes of M-cotorsors.
Since we will only ever consider coextensions of N by M , we will simply call these
coextensions.
Definition 3.1. A coextension is an object f : N → P of N/A-Mod such that f is
injective, together with an isomorphism of A-modules αf : coker(f)→M .
Let f : N → P and g : N → Q be coextensions. Let h : f → g be a morphism
in N/A-Mod. We will show that h : coker(f)→ coker(g) is a well-defined A-module
homomorphism. Let p ∈ P and let n ∈ N . Then
h(p + f(n)) = h(p) + h(f(n))
= h(p) + g(n),
and hence h is well-defined on equivalence classes. If p ∈ P , then we write [p] for the
equivalence class of p in coker(f).
Definition 3.2. Let f : N → P and g : N → Q be coextensions. A morphism of
coextensions from f to g is a morphism h : f → g in N/A-Mod such that, for every
[p] ∈ coker(f), αg(h([p])) = αf ([p]). We write coExMod(N,M) for the category of
coextensions and morphisms of coextensions.
We now want to equip iN : N → M ⊕N with the structure of a cogroup object in
N/A-Mod. In order to do this, we need a notion of coproducts and an initial object.
Note that the identity idN : N → N is an initial object in N/A-Mod. Let f : N → P
and g : N → Q be objects of N/A-Mod. We define
P ∐N Q = coker((f,−g) : N → P ⊕Q).
We define f ∐ g : N → P ∐N Q as the A-module homomorphism such that, for each
n ∈ N , (f ∐ g)(n) = (f(n), 0) = (0, g(n)). Then f ∐ g is a coproduct of f and g in
N/A-Mod.
In order to figure out the counit, coaddition, and coinversion morphisms associated
with iN , we will use the perspective of corepresentable functors. To give iN the
structure of an (abelian) cogroup, we want to extend the corepresentable functor
associated with iN to a functor
HomN/A-Mod(iN ,−) : N/A-Mod→ Ab
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where Ab denotes the category of abelian groups. Let f : N → P be an object of
N/A-Mod. We want to give HomN/A-Mod(iN , f) the structure of an abelian group.
Let g ∈ HomN/A-Mod(iN , f) and let (m,n) ∈M ⊕N . Then
g(m,n) = g((m, 0) + (0, n))
= g(m, 0) + g(0, n)
= g(m, 0) + g(iN(n))
= g(m, 0) + f(n).
Let h ∈ HomN/A-Mod(iN , f). We define g + h ∈ HomN/A-Mod(iN , f) such that
(g + h)(m,n) = g(m, 0) + h(m, 0) + f(n).
This addition defines an abelian group structure on HomN/A-Mod(iN , f). Furthermore,
this abelian group structure is functorial in f .
We now use the functor HomN/A-Mod(iN ,−) : N/A-Mod → Ab to equip iN with
the structure of a cogroup object in N/A-Mod. First note that, for each object f of
N/A-Mod, HomN/A-Mod(iN , f) is an abelian group and thus has an identity element.
The assignment of the unique morphism idN → f in N/A-Mod to the identity ele-
ment in HomN/A-Mod(iN , f) induces a natural transformation HomN/A-Mod(idN ,−)→
HomN/A-Mod(iN ,−) which corresponds, via the coYoneda lemma, to the counit eM :
iN → idN . Similarly, the addition operation on HomN/A-Mod(iN , f) induces a natural
transformation
HomN/A-Mod(iN ,−)×HomN/A-Mod(iN ,−)→ HomN/A-Mod(iN ,−).
Using the universal property of the coproduct, we have that
HomN/A-Mod(iN ,−)×HomN/A-Mod(iN ,−) ≈ HomN/A-Mod(iN ∐ iN ,−)
and thus we obtain a natural transformation
HomN/A-Mod(iN ∐ iN ,−)→ HomN/A-Mod(iN ,−).
corresponding to the coaddition +M : iN → iN ∐ iN . Finally, the inversion operation
on HomN/A-Mod(iN , f) induces a natural transformation
HomN/A-Mod(iN ,−)→ HomN/A-Mod(iN ,−)
corresponding to the coinversion invM : iN → iN .
Using the above discussion, we have the following explicit description of the
cogroup structure on iN .
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Definition 3.3. We equip iN : N →M⊕N with the structure of a cogroup object in
N/A-Mod as follows. We define eM : iN → idN such that, for each (m,n) ∈M ⊕N ,
eM(m,n) = n.
We define +M : iN → iN ∐ iN such that, for each (m,n) ∈M ⊕N ,
+M(m,n) = ((m,n), (m, 0))
= ((m, 0), (m,n)).
We define invM : iN → iN such that, for each (m,n) ∈M ⊕N ,
invM(m,n) = (−m,n).
Given that iN is a cogroup object in N/A-Mod, we can define iN -cotorsors in
N/A-Mod. We will call these cotorsors M-cotorsors rather than iN -cotorsors for
convenience of notation.
An M-cotorsor is, roughly speaking, an object f : N → P of N/A-Mod together
with a cogroup action τf : f → iN ∐ f satisfying properties dual to those of a torsor.
Explicitly, the coproduct iN ∐ f is the A-module homomorphism iN ∐ f : N →
(M ⊕ N) ∐N P such that, for each n ∈ N , (iN ∐ f)(n) = ((0, n), 0) = ((0, 0), f(n)).
We now present a simplified description of iN ∐ f in the following definition and
lemma.
Definition 3.4. Let f : N → P be a coextension. We write βf : N → M ⊕ P for
the object of N/A-Mod such that, for each n ∈ N , βf(n) = (0, f(n)).
Lemma 3.5. If f : N → P is a coextension, then βf is isomorphic to iN ∐ f in
N/A-Mod.
Proof. Let f : N → P be a coextension. We define a function ϕ : M ⊕ P →
(M ⊕ N) ∐N P such that, for each (m, p) ∈ M ⊕ P , ϕ(m, p) = ((m, 0), p). It is
straightforward to show that ϕ : βf → iN ∐f is a morphism in N/A-Mod. It remains
to show that ϕ is bijective.
We first show that ϕ is injective. Let (m1, p1), (m2, p2) ∈ M ⊕ P be such that
ϕ(m1, p1) = ϕ(m2, p2). Then ((m1, 0), p1) = ((m2, 0), p2) ∈ (M ⊕ N) ∐N P . Thus
there exits n ∈ N such that ((m1−m2, 0), p1− p2) = ((0, n),−f(n)) ∈ (M ⊕N)⊕P .
Therefore, (m1, p1) = (m2, p2).
We now show that ϕ is surjective. Let ((m,n), p) ∈ (M ⊕ N) ∐N P . Then, since
((0, n), 0) = ((0, 0), f(n)) ∈ (M ⊕N) ∐N P , we have that
((m,n), p) = ((m, 0) + (0, n), p)
= ((m, 0), p) + ((0, n), 0)
= ((m, 0), p) + ((0, 0), f(n))
= ((m, 0), p+ f(n)).
Then we see that ϕ(m, p+ f(n)) = ((m, 0), p+ f(n)) = ((m,n), p).
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Using this lemma, we can identify the cogroup action τf : f → iN ∐ f with the
corresponding morphism τf : f → βf in N/A-Mod. Thus τf can be viewed as an
A-module homomorphism τf : P → M ⊕ P , and hence τf has the appearance of a
coaction of M on P .
Definition 3.6. Let f : N → P be an object of N/A-Mod. We write piP : βf → f
for the morphism in N/A-Mod such that, for each (m, p) ∈M ⊕ P , piP (m, p) = p.
Definition 3.7. An M-cotorsor is an object f : N → P of N/A-Mod such that f is
injective, together with a morphism τf : f → βf in N/A-Mod such that
1. For each p ∈ P , piP (τf (p)) = p.
2. For each (m, p) ∈M ⊕ P , there exists a unique (p1, p2) ∈ P ∐N P such that
τf (p1) + (0, p2) = (m, p).
One comment needs to be made about this definition of M-cotorsor. Let f : N →
P be an object of N/A-Mod and let τf : f → βf be a morphism in N/A-Mod. In
order for property (2.) to be well-defined, we need to show that τf (p1) + (0, p2) is
independent of the choice of representative for the equivalence class (p1, p2) ∈ P∐NP .
Suppose that (p1, p2) = (p
′
1
, p′
2
) ∈ P ∐N P . Then there exists n ∈ N such that
(p1 − p
′
1
, p2 − p
′
2
) = (f(n),−f(n)). Therefore,
τf (p1 − p
′
1
) = τf (f(n))
= βf (n)
= (0, f(n))
= (0, p′
2
− p2)
and thus we have that
τf (p1) + (0, p2) = τf (p
′
1
) + (0, p′
2
).
We now show that each coextension has a natural M-cotorsor structure.
Definition 3.8. Let f : N → P be a coextension. We define a function τf : P →
M ⊕ P such that, for all p ∈ P ,
τf (p) = (αf([p]), p).
Lemma 3.9. If f : N → P is a coextension, then τf : P → M ⊕ P gives f the
structure of an M-cotorsor.
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Proof. It is straightforward to show that τf is a homomorphism of A-modules. Now
note that τf : f → βf is a morphism in N/A-Mod since, for every n ∈ N ,
τf (f(n)) = (αf ([f(n)]), f(n))
= (αf (0), f(n))
= (0, f(n))
= βf (n).
It remains to show that the morphism τf in N/A-Mod indeed satisfies the properties
of an M-cotorsor. Note that, for each p ∈ P ,
piP (τf(p)) = piP (αf ([p]), p)
= p.
Now let (m, p) ∈M⊕P . We want to show that there exists a unique (p1, p2) ∈ P∐NP
such that
τf (p1) + (0, p2) = (m, p).
Since αf : coker(f)→M is surjective, choose [p1] ∈ coker(f) such that αf ([p1]) = m.
Now define p2 = p− p1. Then (p1, p2) ∈ P ∐N P is such that
τf(p1) + (0, p2) = (αf([p1]), p1) + (0, p2)
= (m, p1) + (0, p2)
= (m, p1 + p2)
= (m, p).
Now suppose that (p′
1
, p′
2
) ∈ P ∐N P is such that
τf (p
′
1
) + (0, p′
2
) = (α([p′
1
]), p′
1
+ p′
2
)
= (m, p).
Then, since αf is injective, we have that [p1] = [p
′
1
] and hence there exists n ∈ N such
that p1− p
′
1
= f(n). Furthermore, p1 + p2 = p
′
1
+ p′
2
and thus p1− p
′
1
= −(p2− p
′
2
) =
f(n). Thus (p1 − p
′
1
, p2 − p
′
2
) = (f(n),−f(n)), and therefore (p1, p2) = (p
′
1
, p′
2
) ∈
P ∐N P .
We now show that the assignment of each coextension to its corresponding M-
cotorsor gives rise to a functor. In particular, we define the notion of a morphism of
M-cotorsors and we show that each morphism of coextensions induces a corresponding
morphism of M-cotorsors.
Definition 3.10. Let f : N → P and g : N → Q be M-cotorsors. A morphism of
M-cotorsors from f to g is a morphism h : f → g in N/A-Mod such that the diagram
P M ⊕ P
Q M ⊕Q
τf
h idM⊕h
τg
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commutes. We write M-coTors for the category of M-cotorsors and morphisms of
M-cotorsors.
Lemma 3.11. Let f : N → P and g : N → Q be coextensions. If h : f → g is a
morphism of coextensions, then h is a morphism of M-cotorsors.
Proof. Let h : f → g be a morphism of coextensions. Let p ∈ P . Then
τg(h(p)) = (αg([h(p)]), h(p))
= (αg(h([p])), h(p))
= (αf([p]), h(p))
= (idM ⊕ h)(αf([p]), p)
= (idM ⊕ h)(τf (p)).
Definition 3.12. We write Φ : coExMod(N,M) → M-coTors for the functor which
maps each coextension to its corresponding M-cotorsor and which maps each mor-
phism of coextensions to its corresponding morphism of M-cotorsors.
Theorem 3.13. The functor Φ : coExMod(N,M) → M-coTors is an equivalence of
categories.
Proof. We will show that Φ is fully faithful and essentially surjective. Note that Φ is
faithful since Φ maps each morphism of coextensions to itself.
We now show that Φ is full. Let f : N → P and g : N → Q be coextensions and
let h : f → g be a morphism of M-cotorsors. We want to show that h is a morphism
of coextensions. Let [p] ∈ coker(f). Then
(αg(h([p])), h(p)) = τg(h(p))
= (idM ⊕ h)(τf (p))
= (idM ⊕ h)(αf([p]), p)
= (αf([p]), h(p))
and thus αg(h([p])) = αf([p]).
Finally, we show that Φ is essentially surjective. Let f : N → P be anM-cotorsor.
We want to show that f can be given the structure of a coextension in such a way
that the M-cotorsor structure associated with the coextension f is the same as the
original M-cotorsor structure on f .
Let piM : M ⊕ P → M be the canonical projection. Define αf : coker(f) → M
such that, for each [p] ∈ coker(f), αf ([p]) = piM(τf (p)). We need to check that αf is
12
well-defined. Let n ∈ N . Then
piM (τf(p+ f(n))) = piM (τf(p) + τf (f(n)))
= piM (τf(p) + βf (n))
= piM (τf(p) + (0, f(n)))
= piM (τf(p)) + piM (0, f(n))
= piM (τf(p)).
Since τf and piM are A-module homomorphisms, we see that αf : coker(f) → M is
an A-module homomorphism. We now show that αf is bijective. Let m ∈ M . Since
f : N → P is an M-cotorsor, there exists a unique (p1, p2) ∈ P ∐N P such that
τf(p1) + (0, p2) = (m, 0).
Then [p1] is such that
αf([p1]) = piM(τf (p1))
= piM(m,−p2)
= m,
so αf is surjective. Now assume p
′
1
∈ P is such that αf([p
′
1
]) = m. Since piP (τf(p
′
1
)) =
p′
1
, we have that
τf (p
′
1
) + (0,−p′
1
) = (m, p′
1
) + (0,−p′
1
)
= (m, 0)
and hence (p1, p2) = (p
′
1
,−p′
1
) ∈ P ∐N P . Therefore, there exists n ∈ N such that
(p1− p
′
1
, p2+ p
′
1
) = (f(n),−f(n)). Then p1 = p
′
1
+ f(n) and hence [p1] = [p
′
1
] so αf is
injective. Therefore, αf : coker(f) → M is an isomorphism of A-modules and hence
f together with αf is a coextension.
It remains to be shown that the M-cotorsor structure associated with the coex-
tension f is the same as the original M-cotorsor structure on f . Let p ∈ P . Then
τf(p) = (piM (τf(p)), piP (τf (p)))
= (αf ([p]), p)
Therefore, the functor Φ : coExMod(N,M) → M-coTors is an equivalence of cate-
gories.
Our final step is to show that coExMod(N,M) is equivalent to ExMod(M,N).
This will conclude the proof that the set of isomorphism classes of M-cotorsors can
be identified with Ext1(M,N). We first show that each extension f : P → M induces
a corresponding coextension f ′ : N → P .
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Definition 3.14. Let f : P → M be an extension. Then we write f ′ : N → P
for the A-module homomorphism such that, for each n ∈ N , f ′(n) = αf (n). We
write αf ′ : coker(f
′) → M for the isomorphism of A-modules such that, for each
[p] ∈ coker(f ′), αf ′([p]) = f(p).
Lemma 3.15. Let f : P → M and g : Q → M be extensions. If h : f → g is a
morphism of extensions, then h : f ′ → g′ is a morphism of coextensions.
Proof. Let h : f → g be a morphism of extensions. Then h : P → Q is an A-module
homomorphism such that g ◦ h = f and, for each n ∈ N , h(αf(n)) = αg(n). Let
n ∈ N . Then
h(f ′(n)) = h(αf(n))
= αg(n)
= g′(n),
and thus h is a morphism in N/A-Mod. Now let [p] ∈ coker(f ′). Then
αg′(h([p])) = αg′([h(p)])
= g(h(p))
= f(p)
= αf ′([p]),
and therefore h : f ′ → g′ is a morphism of coextensions.
Definition 3.16. We write Θ : ExMod(M,N) → coExMod(N,M) for the functor
which maps each extension to its corresponding coextension and which maps each
morphism of extensions to its corresponding morphism of coextensions.
Theorem 3.17. The functor Θ : ExMod(M,N) → coExMod(N,M) is an equiva-
lence of categories.
Proof. We will show that Θ is fully faithful and essentially surjective. Note that Θ is
faithful since Θ maps each morphism of extensions to itself.
We now show that Θ is full. Let f : P → M and g : Q → M be extensions and
let h : f ′ → g′ be a morphism of coextensions. We want to show that h : f → g is a
morphism of extensions. Let p ∈ P . Then
g(h(p)) = αg′([h(p)])
= αg′(h([p]))
= αf ′([p])
= f(p)
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and thus h is a morphism in A-Mod/M . Now let n ∈ N . Then
h(αf(n)) = h(f
′(n))
= g′(n)
= αg(n),
and therefore h : f → g is a morphism of extensions.
Finally, we show that Θ is essentially surjective. Let f : N → P be a coextension.
We will show that there exists an extension g : P → M such that g′ = f . We define
g : P → M such that, for each p ∈ P , g(p) = αf([p]). We define αg : N → ker(g)
such that, for each n ∈ N , αg(n) = f(n). If n ∈ N , then
g(αg(n)) = g(f(n))
= αf([f(n)])
= αf(0)
= 0
so indeed we have that αg(n) ∈ ker(g). It is straightforward to show that g
′ = f .
Therefore, the functor Θ : ExMod(M,N) → coExMod(N,M) is an equivalence of
categories.
Conclusion
In this paper, we have shown that the cohomology-homology duality of Ext gives rise
to a dual description of Ext1(M,N) in terms of both torsors and cotorsors. Moving
forward, it is of interest to see which other algebraic homology theories have con-
venient descriptions in terms of cotorsors. In particular, it would be satisfying to
find an interpretation of Tor1(M,N) in terms of cotorsors. It was shown in [1] that
ring-theoretic Andre-Quillen cohomology has an interpreation in terms of torsors. It
thus seems reasonable to suspect that ring-theoretic Andre-Quillen homology has an
interpretation in terms of cotorsors.
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